Abstract: Robustness of water distribution networks is related to their connectivity and topological structure, which also affect their reliability. Flow entropy, based on Shannon's informational entropy, has been proposed as a measure of network redundancy and adopted as a proxy of reliability in optimal network design procedures. In this paper, the scaling properties of flow entropy of water distribution networks with their size and other topological metrics are studied. To such aim, flow entropy, maximum flow entropy, link density and average path length have been evaluated for a set of 22 networks, both real and synthetic, with different size and topology. The obtained results led to identify suitable scaling laws of flow entropy and maximum flow entropy with water distribution network size, in the form of power-laws. The obtained relationships allow comparing the flow entropy of water distribution networks with different size, and provide an easy tool to define the maximum achievable entropy of a specific water distribution network. An example of application of the obtained relationships to the design of a water distribution network is provided, showing how, with a constrained multi-objective optimization procedure, a tradeoff between network cost and robustness is easily identified.
Introduction
The topology of water distribution networks (WDN) is being deeply studied with respect to its relationship with their robustness, i.e., their capability of effectively delivering the demanded flows to the users with the required pressure under unfavorable operating conditions [1] . In fact, evaluating the performance of a WDN requires the complex calibration of a hydraulic model of the network, and often a number of time-consuming simulations. Hence, establishing relationships, linking topological metrics of a WDN, easily achievable from the mere knowledge of the network layout, with its hydraulic behavior, would represent a powerful tool for the design, rehabilitation and management of WDN. In this respect, aiming at quantitative comparison of different network layouts, it is important to understand how topological metrics change with the size of the considered network.
In fact, the size variation of a system can cause changes in the order of predominance of physical phenomena; this is called scaling effect, and the laws that govern such an effect are called scaling laws. The scaling laws are relationships linking any parameter associated with an object (or system) with its length scale [2] . They constitute a very useful tool to predict the behavior and the properties of a large system by experimenting on a small-sized scale model, since the characteristics of a system can be expressed through various parameters in such a way that any change in size (i.e., scale) does have studied the topological redundancy of a water supply network, with regard to pipe failures, applying the complex network theory [33, 34] . In fact, many water supply systems consisting of up to tens of thousands nodes and hundreds of looped paths can be considered as complex networks [13] . Thus, it is possible to compute topological metrics [32, [35] [36] [37] to analyze the robustness of a water distribution network.
Recently, comparisons between entropy and other indirect measures of robustness [1, 26, [38] [39] [40] such as resilience index [41] , network resilience [42] and Surplus Power Factor [43] have been proposed, but the obtained results are contradictory. According to some authors [26, 38, 39] , informational entropy is a good measure of network robustness. Conversely, other studies indicate that the resilience index estimates better the network hydraulic performance than entropy in the case of pipe failures [1] and for multi-objective design optimization [40] .
The advantage of using informational entropy to evaluate network robustness is that only pipe flows and topology are required for its computation [39] , while the main drawback is that there is not a reference value of entropy allowing for defining an acceptable level of robustness for a given WDN, nor to compare different WDN layouts. In this respect, the definition of scaling laws of flow entropy with the topological dimension of the network could be useful for WDN design and rehabilitation purposes.
This work investigates the possible relationship between topological metrics, borrowed from complex network theory, and flow entropy, through the analysis of the values that they assume for several WDNs, both real and synthetic. In particular, for each network, five of the coarsest topological characteristics of a network, the number of nodes n and links m, the average node degree k, the link density q and the average path length APL have been calculated. The results show that the flow entropy of a WDN is strongly linked to its size and topology, and that it can be expressed as a function of topological metrics. Furthermore, the maximum achievable flow entropy value has been calculated for each WDN. Scaling-laws of flow entropy with the size of the networks have been identified. Two examples of the application of the obtained results to the design of WDNs are finally provided.
Methods
The study of WDN using innovative topological metrics, borrowed from the theory of complex networks [13] , already led to interesting results for the analysis of water network vulnerability [32, 35, 44] , as well as for water network partitioning [45, 46] . In the following sections, the topological and entropy metrics used in this paper are briefly described, and finally the deviation of actual entropy from maximum entropy is introduced as a possible measure of network robustness.
Topological Metrics
The average node degree, k, represents the mean number of links concurring in the nodes of the network, and is given by:
in which n is the number of nodes and m the number of links of the network. The link density, q, expresses the ratio between the total number of network edges and the number of edges of a globally coupled network with the same number of nodes, thus providinga measure of network redundancy:
The average path length, APL [33] , is the average number of steps along the shortest paths between all possible pairs of nodes in the network: where σ(s,t) is the number of edges along the shortest path connecting node s to node t (when there is no path between a pair of nodes, the path length is assumed to be infinite) [47] . A short average path length indicates a more interconnected network, while a long one indicates greater overall topological distances between nodes. Consequently, a network with a large APL value may be considered more fragmented [48] .
Entropic Metrics
The Shannon's information entropy [49] is a statistical measure of the amount of uncertainty associated with the probability distribution of any discrete random variable, defined as follows:
where E is the entropy, p k is the probability, and l is the number of values that the variable can assume. Tanyimboh and Templeman [28] , with the use of the conditional entropy formula of [50] , considered all the possible flow paths from sources to demand nodes, and introduced the flow entropy S of a water distribution system by defining the probability of the water to flow along the k-th path as the ratio between the flow rate reaching the end node of the path and the total delivered flow rate [42] .
The following recursive formula [24] allows the calculation of S, which is regarded as a measure of pipe flow rates uniformity:
On the right hand side of Equation (5), the first term is the entropy of supply nodes and the second is the entropy of demand nodes; NS is the number of supply nodes; T is the total supplied flow rate; NN is the number of demand nodes; Q i represents the inflow at the i-th source node; T j is the total flow rate reaching the j-th demand node; Q j is the water demand at the j-th demand node; q ij is the flow rate in the pipe connecting node j with surrounding node i; and N j is the number of pipes carrying water from the j-th demand node towards other surrounding nodes.
The data required to assess the flow entropy are the topological layout, the water supply and the demand at all nodes, and the flow direction along each pipe. To this purpose, the hydraulic simulation of the network, carried out with the solver EPANET 2 [51] , provides the flow rate and direction along each pipe.
Maximum Entropy and Network Robustness
The maximization of Equation (3) can be used to compute the maximum value of the flow entropy, MS, and in this case only the source flow rates, the water demands at nodes and the flow directions along the links are required. Specifically, MS is here computed here by means of a non-iterative procedure for multi-source networks, proposed in [52] . The entropy deficit, i.e., the deviation between the flow entropy S and the corresponding values of MS, given by Equation (5) , is assumed to be representative of how much a network is robust, based on the idea that networks, designed to supply maximum entropy flows, would be the most robust for a given source pressure excess compared to the design pressure at nodes [23] . 
Results and Discussions
Topological metrics and flow entropy metrics were computed for a set of 22 WDNs, both real and synthetic. The maximum entropy MS of each network was calculated adopting the same flow directions along the pipes as for the calculation of flow entropy S (i.e., the directions provided by the hydraulic simulation of the network for the actual set of pipe sizes). Therefore, the obtained MS cannot be considered as the maximum possible values of flow entropy, as a different choice of flow directions could lead to a higher value of MS. However, as the flow directions are mainly dictated by the position of sources and demand nodes, and by the assumed water demand at nodes, it is expected that flow directions would be only slightly (and locally) affected by changes in the size of some of the pipes. In Table 1 , the computed values of the metrics are reported for all the considered networks. The set of networks used as case study includes water distribution networks with very different characteristics, as indicated by the very different values assumed by the metrics:
• dimension: the smallest network has a number of nodes n = 6 (Two Loop), while the largest has n = 1890 (Exnet); • layout: looped networks as well as branched ones are included, i.e., Balerma Irrigation can be considered a tree-network, while networks such as Parete and Sector Centro Real are very looped; compact and elongated networks are included, with low values of APL coupled with high values of density being representative of compact network layouts; • robustness: the set of networks includes systems with very small deviation of actual entropyfrom maximum entropy, like Hanoi and Modena (the entropy deviation ∆S is equal to 0.0032 and 0.0616, respectively), and networks with high deviation of entropy, like Parete and BWSN2008-1(entropy deviations of 0.297 and 0.292, respectively).
These differences indicate that the adopted set is suitable to analyze the entropy metrics from a topological point of view in a general sense. Figure 1d a positive trend of flow entropy vs. average path length is also observable, it is less clearly defined than the previous ones.
The scatter plots of MS vs. the same topological metrics, reported in Figure 2 , confirm similar trends as in Figure 1 . Specifically, a clear increasing relation of MS with the number of links (Figure 2b ) can be noted, while Figure 2d shows a weak relation between MS and APL. The determination coefficients, R 2 , of S ( Figure 1 ) are slightly greater than the ones computed for the MS (Figure 2 ). Anyway, both S and MS are clearly related to network topology.
It is worth to noting that, although APL is considered a proxy of the topological robustness of a network [32] and the entropy has been proposed as a surrogate of network reliability, the relationships between S and APL, as well as between MS and APL, are less consistent than expected.
The best fitting relationships are the power-laws linking S and MS with the number of pipes m, as indicated by R 2 = 0.94 for the flow entropy and R 2 = 0.90 for the maximum flow entropy (Figures 1b and 2b , respectively). The clear dependence of MS and S on m, indicating that flow entropy is related to the size of the network, suggested to investigate the ratios S/m and MS/m to characterize the redundancy of a network regardless of its dimension.
Entropy 2018, 20, x 6 of 15 Figure 1 shows the scatter plots of the values of S vs.various topological metrics, and the best fitting power-law equations. The diagrams show that an increasing trend exists in the relationship between flow entropy and number of nodes (Figure 1a) , and between flow entropy and number of links (Figure 1b) , as well as a decreasing trend for the relationship between flow entropy and link density (Figure 1c) . Although in Figure 1d a positive trend of flow entropy vs. average path length is also observable, it is less clearly defined than the previous ones.
The scatter plots of MS vs. the same topological metrics, reported in Figure 2 , confirm similar trends as in Figure 1 . Specifically, a clear increasing relation of MS with the number of links (Figure 2b ) can be noted, while Figure 2d shows a weak relation between MS and APL. The determination coefficients, R 2 , of S (Figure 1 ) are slightly greater than the ones computed for the MS (Figure 2) . Anyway, both S and MS are clearly related to network topology.
The best fitting relationships are the power-laws linking S and MS with the number of pipes m, as indicated by R 2 =0.94 for the flow entropy and R 2 = 0.90 for the maximum flow entropy (Figures 1b  and 2b, respectively) . The clear dependence of MS and S on m, indicating that flow entropy is related to the size of the network, suggested to investigate the ratios S/m and MS/m to characterize the redundancy of a network regardless of its dimension. The scatter plots of S/m vs. n and MS/m vs. n, and the coefficients of determination of the relevant best fitting power-laws, are reported in Figure 3 . A distinct trend is clearly visible for both the flow entropy measures, as indicated by R 2 =0.99 for both the relationships. The obtained best fitting power-law equations are:
Looking at Equation (4), and keeping in mind the adopted definition of the probability of the water flowing along a path from a source node to a demand node, it becomes clear that the maximum theoretical flow entropy (i.e., all flow paths sharing the same probability) should scale with ln . In fact, the number of possible paths in a network scales with the number of nodes (e.g., in a network with a single source, the total number of flow paths to all nodes equals the number of links = + − 1, being the number of loops). Therefore, it is expected that
The curve of Equation (9), also plotted in Figure 3 , is not far from the scaling behavior exhibited by the maximum entropy of the considered WDNs. The observed difference can be ascribed to the fact that water flows must obey the flow balance equations at nodes, so that equal probabilities of all the flow paths are not physically possible. The scatter plots of S/m vs. n and MS/m vs. n, and the coefficients of determination of the relevant best fitting power-laws, are reported in Figure 3 . A distinct trend is clearly visible for both the flow entropy measures, as indicated by R 2 = 0.99 for both the relationships. The obtained best fitting power-law equations are: S = 1.05m × n −0.74
Looking at Equation (4), and keeping in mind the adopted definition of the probability of the water flowing along a path from a source node to a demand node, it becomes clear that the maximum theoretical flow entropy (i.e., all flow paths sharing the same probability) should scale with ln n. In fact, the number of possible paths in a network scales with the number of nodes (e.g., in a network with a single source, the total number of flow paths to all nodes equals the number of links m = n + l − 1, l being the number of loops). Therefore, it is expected that
The curve of Equation (9), also plotted in Figure 3 , is not far from the scaling behavior exhibited by the maximum entropy of the considered WDNs. The observed difference can be ascribed to the fact It looks clear how both actual and maximum flow entropy strictly depend on network size and topology. The very good alignment of the values of S of WDNs designed with different criteria along a single power-law can be seen as an indirect confirmation of its suitability as a measure of network robustness. In fact, regardless of the criteria adopted for the design of pipe diameters, the smaller the hydraulic resistance of pipes (i.e., larger diameter and shorter length), the higher the flows that spontaneously tend to develop through them. The flow distribution along pipes, and so the flow entropy of the network, is thus determined by the hydraulic laws governing energy dissipation along pipes, which lead to the delivery of the demand at nodes with the minimum dissipated power [41] and, at the same time, set limits to the "disorder" of flow distribution.
The small scatter of the points from the curve of Equation (8), comparable to that of Equation (7), is likely due to the imperfect calculation of MS, as already discussed in the previous section, due to the a priori assumption of flow directions along pipes. However, as expected, the obtained trend seems not to be significantly affected by such an issue.
Equations (7) and (8) shed some light on the link between flow entropy and topology of a WDN. In fact, introducing the relationship = + − 1, it is possible to compare the flow entropy of networks with different size and different number of loops. In example, Figure 4 shows the dependence of on and according to Equation (8) . It looks clear that the more looped the network is, the higher is its entropy, thus confirming that flow entropy is a suitable measure of WDN redundancy. On the same graph, the curves representing the maximum flow entropy of WDNs with average node degree = 2 and = 4 are also plotted, delimiting the part of the plane to which WDNs belong. In fact, owing to the physical constraints of pipe connections at nodes, the average node degree of most WDNs falls between such values, as confirmed by the positions of the dots representing the 22 considered networks.
The obtained relationships indicate that, thanks to the high values of the coefficients of determination, it is possible to assess the maximum achievable flow entropy of a network starting from mere basic topological information such as the numbers of links and nodes.
In particular, Equation (8) provides a simple way to compute MS, without the need of a preliminary determination of flow pipe orientations, which can be easily implemented in the design of water supply networks aiming at taking into account the positive effect of redundancy on network robustness [39] .
It is worth highlighting that the obtained relationships (7) and (8) It looks clear how both actual and maximum flow entropy strictly depend on network size and topology. The very good alignment of the values of S of WDNs designed with different criteria along a single power-law can be seen as an indirect confirmation of its suitability as a measure of network robustness. In fact, regardless of the criteria adopted for the design of pipe diameters, the smaller the hydraulic resistance of pipes (i.e., larger diameter and shorter length), the higher the flows that spontaneously tend to develop through them. The flow distribution along pipes, and so the flow entropy of the network, is thus determined by the hydraulic laws governing energy dissipation along pipes, which lead to the delivery of the demand at nodes with the minimum dissipated power [41] and, at the same time, set limits to the "disorder" of flow distribution.
Equations (7) and (8) shed some light on the link between flow entropy and topology of a WDN. In fact, introducing the relationship m = n + l − 1, it is possible to compare the flow entropy of networks with different size and different number of loops. In example, Figure 4 shows the dependence of MS on n and l according to Equation (8) . It looks clear that the more looped the network is, the higher is its entropy, thus confirming that flow entropy is a suitable measure of WDN redundancy. On the same graph, the curves representing the maximum flow entropy of WDNs with average node degree k = 2 and k = 4 are also plotted, delimiting the part of the plane to which WDNs belong. In fact, owing to the physical constraints of pipe connections at nodes, the average node degree of most WDNs falls between such values, as confirmed by the positions of the dots representing the 22 considered networks.
It is worth highlighting that the obtained relationships (7) and (8) have been derived for very different WDNs, both real and synthetic, from different countries, with quite different topological and hydraulic characteristics. Nonetheless, they show a clear scaling behavior in the form of power-laws, indicating that the values of the informational flow entropy are strongly related to some intrinsic and scale-invariant topological characteristic of WDNs, which likely reflects the spatial embedding of these networks, limiting their topological "disorder" (e.g., the degree connectivity of WDNs assumes a nearly constant value as the size of the network increases [32] ).
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Examples of Application
In this section, practical examples are given of how the maximum flow entropy value MS, computed by Equation (8), can be used for WDN design or rehabilitation. Starting from the value of maximum entropy, estimated only by means of topological information, the design of the water supply network can be carried out by means of a multi-objective optimization procedure, based on the minimization of entropy deviation and pipe costs, in compliance with hydraulic constraints (i.e., the required minimum pressure at demand nodes). Specifically, the optimization problem consists of defining the optimal choice of the diameters of all pipes in the network, by minimizing the following multi-objective function (MOF):
In Equation (10), the first component of MOF, ∆S, represents the deviation of flow entropy, calculated with Equation (5), from the maximum flow entropy, estimated by means of Equation (8) as a function of n and m; the second component represents the total cost of the pipes of the network ( ′ is the unit cost of pipes; Lj and Dj are the length and the diameter of the j-th pipe, respectively; β is a coefficient expressing the dependence of the cost of a pipe on its diameter, for which the value = 1.5 has been proposed [69] ); ℎ and ℎ are, respectively, the actual and the design pressure heights at the i-th node of the network.
The application of the proposed WDN design optimization procedure, summarized by Equation (10) , has been carried out for the real water supply networks of Fossolo [60] , a neighborhood of the city of Bologna (Italy), and of the town of Skiathos (Greece) [62] . The first 
In Equation (10), the first component of MOF, ∆S, represents the deviation of flow entropy, calculated with Equation (5), from the maximum flow entropy, estimated by means of Equation (8) as a function of n and m; the second component C represents the total cost of the pipes of the network (C is the unit cost of pipes; L j and D j are the length and the diameter of the j-th pipe, respectively; β is a coefficient expressing the dependence of the cost of a pipe on its diameter, for which the value β = 1.5 has been proposed [69] ); h i and h i are, respectively, the actual and the design pressure heights at the i-th node of the network.
The application of the proposed WDN design optimization procedure, summarized by Equation (10) , has been carried out for the real water supply networks of Fossolo [60] , a neighborhood of the city of Bologna (Italy), and of the town of Skiathos (Greece) [62] . The first network consists of 36 nodes and 58 polyethylene pipes, and the design pressure was assumed equal to h = 30 m at all nodes. The second network, made with cast iron pipes, has n = 175 and m = 189, with h = 22 m. In Figure 5 , the sketches of the WDN of Fossolo and Skiathos are reported. The minimization of MOFwas carried out by a heuristic optimization method based on a Genetic Algorithm (GA), a minimum search technique based on mimicking the process of natural selection in the evolution of species [70] . Such an evolutionary algorithm allows for easily introducing constraints on the unknown parameters, at the same time avoiding local minima by introducing random variations to parameter vectors. The GA parameters are the following: each individual of the population is a sequence of chromosomes corresponding to the diameters of all the pipes of the network, which can assume only the values of the existing commercial pipes reported in Table 2 . The number of GA generations, the size of the population and the crossover percentage were set to 100, 100 individuals and 0.8, respectively.
The application of the proposed network design procedure led to the definition of the Pareto frontsreported in Figure 6 , which represent, in the plane , , the set of all the optimal solutions obtained by minimizing ∆S and the total pipe cost, in compliance with the hydraulic constraints of Equation (10) . In addition, the red dots in Figure 6 represent the entropy deviation and the total pipe cost of the original network layouts. Without limiting the general validity of the obtained results, the unit cost of pipes has been assumed C′ = 1. The obtained Pareto fronts show that the smallest values of ∆S correspond to the highest values of total pipe cost, as the more a network is robust, the more investment is needed for its realization (e.g., [71] ). For the network of Fossolo, the minimum value of ∆S=0.0004, corresponding to a flow entropy S = 4.66, implies an increase of pipe cost, compared with the original layout, of about 58%. However, a flow entropy S = 4.55 can be obtained with an increase of cost smaller than 25%, which represents a good tradeoff between reliability improvement and cost increase. For the case of Skiathos, instead, it is worth noting that nearly the maximum flow entropy S = 6.72 can be achieved without any increment of overall pipe cost compared to the existing network. The minimization of MOF was carried out by a heuristic optimization method based on a Genetic Algorithm (GA), a minimum search technique based on mimicking the process of natural selection in the evolution of species [70] . Such an evolutionary algorithm allows for easily introducing constraints on the unknown parameters, at the same time avoiding local minima by introducing random variations to parameter vectors. The GA parameters are the following: each individual of the population is a sequence of chromosomes corresponding to the diameters of all the pipes of the network, which can assume only the values of the existing commercial pipes reported in Table 2 . The number of GA generations, the size of the population and the crossover percentage were set to 100, 100 individuals and 0.8, respectively.
The application of the proposed network design procedure led to the definition of the Pareto frontsreported in Figure 6 , which represent, in the plane (C, S), the set of all the optimal solutions obtained by minimizing ∆S and the total pipe cost, in compliance with the hydraulic constraints of Equation (10) . In addition, the red dots in Figure 6 represent the entropy deviation and the total pipe cost of the original network layouts. Without limiting the general validity of the obtained results, the unit cost of pipes has been assumed C = 1. The obtained Pareto fronts show that the smallest values of ∆S correspond to the highest values of total pipe cost, as the more a network is robust, the more investment is needed for its realization (e.g., [71] ). For the network of Fossolo, the minimum value of ∆S = 0.0004, corresponding to a flow entropy S = 4.66, implies an increase of pipe cost, compared with the original layout, of about 58%. However, a flow entropy S = 4.55 can be obtained with an increase of cost smaller than 25%, which represents a good tradeoff between reliability improvement and cost increase. For the case of Skiathos, instead, it is worth noting that nearly the maximum flow entropy S = 6.72 can be achieved without any increment of overall pipe cost compared to the existing network. 
Figure6. Pareto fronts of the proposed multi-objective optimal network design procedure (flow entropy and total cost of network pipes): (a) Fossolo; (b) Skiathos. The red dots correspond to network layouts before optimization.
Conclusions
The study investigates the scaling-law of informational flow entropy of water distribution networks, often assumed as a surrogate of network robustness, with their topological size. To such aim, the relationships between informational flow entropy, S, maximum informational flow entropy, MS, and some suitable topological metrics (namely, number of nodes, n; number of links, m; network link density, q; network average path length, APL) are investigated for a set of 22 networks, both real and synthetic, with different characteristics.
A clear dependence of flow entropy on topological metrics is observed, and, in particular, power-law relationships, strongly linking S/m and MS/m to the number of nodes of the network (i.e., R 2 = 0.99), are identified. The obtained scaling laws result in being close to the expected scaling of flow entropy in networks with equiprobable flow paths (i.e., the same flow carried to the end of any flow path connecting sources to demand nodes), although the actual flow paths cannot be equiprobable, as they must obey flow balance equations at nodes. Such a scale-invariant behavior, testified by the power-laws, probably reflects the peculiar topological feature of water distribution networks, in which each node is connected only to a few immediately surrounding nodes, thus limiting the topological "disorder" of the network, i.e., the number of possible flow paths from each node.
The obtained power-laws, providing an easy estimate of actual and maximum flow entropy of a network, allow to quantify the entropy deficit of a network, i.e., the distance of the flow entropy of a network of given topology from its maximum achievable flow entropy, which can be used in network design and rehabilitation as a measure of network robustness. In this respect, examples of application to multi-objective design of real water distribution networks show how optimal solutions in terms of pipe cost and overall network robustness are easily identified. 
The obtained power-laws, providing an easy estimate of actual and maximum flow entropy of a network, allow to quantify the entropy deficit of a network, i.e., the distance of the flow entropy of a network of given topology from its maximum achievable flow entropy, which can be used in network design and rehabilitation as a measure of network robustness. In this respect, examples of application to multi-objective design of real water distribution networks show how optimal solutions in terms of pipe cost and overall network robustness are easily identified.
